We compute K-theory of noncommutative Bieberbach manifolds, which quotients of a three-dimensional noncommutative torus by a free action of a cyclic group Z N , N = 2, 3, 4, 6.
Introduction
Bieberbach manifolds are compact manifolds, which are quotients of the Euclidean space by a free, properly discontinuous and isometric action of a discrete group. The classification of all Bieberbach manifolds is a complex problem in itself (see [12] and the references therein). The first nontrivial low-dimensional examples appear in dimension three and have been already described in the seminal works of Biebierbach [1, 2] .
In the paper we work with the C * algebras of continuous functions on the three-torus and the corresponding noncommutative deformation C(T 3 θ ).
Three-dimensional Bieberbach Manifolds
In this section we shall briefly recall the description of three-dimensional Bieberbach manifolds as quotients of the three-dimensional tori by the action of a finite discrete group. We use the algebraic language, taking the algebra of the polynomial functions on the three-torus T 3 generated by three mutually commuting unitaries U, V, W . This algebra could be then completed first to the algebra of smooth functions on the torus C ∞ (T 3 ) and later to a C * -algebra of continuous functions C(T 3 ). There are, in total, 10 different Bieberbach three-dimensional manifolds, six orientable (including the three-torus itself) and four nonorientable ones. This follows directly from the classification of Bieberbach groups of R 3 out of which six do not change orientation and four change the orientation. The action of the finite groups on the unitaries U, V, W , which generate the algebra of continuous functions on the three-torus is presented in the table below and comes directly from the action of Bieberbach groups on R 3 . The above actions give rise to five oriented name group G generators of G action of G on U, V, W B2 Z 2 e e U = −U , e V = V * , e W = W *
B3
Z 3 e e U = e 2 3 πi U , e V = W * , e W = W * V B4 Z 4 e e U = iU , e V = W , e W = V * B5 Z 2 × Z 2 e 1 , e 2 e 1 U = −U , e 1 V = V * , e 1 W = W * e 2 U = U * , e 2 V = −V , e 2 W = −W * B6 Z 6 e e U = e 1 3 πi U , e V = W , e W = W V * Table 1 : Orientable actions of finite groups on three-torus flat three-manifolds different from the torus. The remaining four nonorientable quotients, originate from the following actions: For full details and classifications of all free actions of finite groups on threetorus see [9, 10] , note, however, that the resulting quotient manifolds are always one of the above Bieberbach manifolds. It is easy to see that N1 is just the Cartesian product of S 1 with the Klein bottle, whereas N3 and N4 are two distinct Z 2 quotients of B2. 
Noncommutative Bieberbach manifolds
Since a convenient description of Bieberbach manifolds is as quotients of threetorus by action of finite groups we can ask whether starting from a noncommutative three-dimensional torus we can obtain interesting examples of nontrivial flat noncommutative manifolds. The most general noncommutative three-torus can be realized as a twisted group algebra C * (Z 3 , ω θ ) with the cocycle over Z 3 :
where θ jk is a real antisymmetric matrix (0≤θ jk < 1). Taking the canonical basis of Z 3 , e 1 , e 2 , e 3 , we can identify U, V, W with δ e 1 , δ e 2 , δ e 2 in the convolution algebra C * (Z 3 ). We denote the product in the twisted convolution algebra by * ω , and on the generators we have δ e i * ω θ δ e j = ω θ ( e i , e j )δ e i δ e j .
Next, we shall find all possible values of the matrix θ jk such that the actions of the finite group G (as discussed earlier) are compatible with the cocycle. As the action of G is not an action on Z 3 then the cocycle cannot be in fact invariant. However, we might define the compatibility with the action of G in the following way. We say that the action of the finite group G is compatible with the cocycle ω θ if:
We have:
Lemma 2.1. The cocycle ω θ is compatible with the actions of group G, given in the tables 1 and 2 if 0 ≤ θ jk < 1 are as follows: As we are interested in the genuine noncommutative case, where the threedimensional torus has at least one irrational rotation subalgebra (that is, at least one of the independent entries of the matrix θ jk is irrational), we see that we might obtain only 4 nontrivial orientable noncommutative Bieberbach manifolds and two nonorientable ones. Definition 2.2. Let C(T 3 θ ), be a twisted group algebra over Z 3 corresponding to a cocycle obtained from θ 12 = θ 21 = 0 and θ 23 = −θ for an irrational 0 < θ < 1. Then the generating unitaries U, V, W satisfy relations:
We define the algebras of noncommutative Bieberbach manifolds as the fixed point algebras of the following actions of finite groups G on C(T 3 θ ) (note that for N1 θ and N1 θ we need to relabel the generators: {U, V, W } → {W, U, V } so that always the V and W are from the irrational rotation subalgebra), which are combine in the table 5. For convenience and to match the notation of other papers we rescaled the generators V, W in the case of Z 3 and Z 6 actions, also, for Z 3 we take the other generator of the Z 3 action. Proposition 2.3. The actions of the cyclic groups Z N , N = 2, 3, 4, 6 on the noncommutative three-torus, as given in the table 5 is free. Proof. Let us recall that that the freeness of a coaction of a Hopf algebra H on a C * -algebra A means (for a right coaction) that the spans of (a ⊗ id)∆(b) and ∆(b)(a ⊗ id), a, b ∈ A are dense in A ⊗ H for a minimal tensor product.
In our case, the freeness of the action is easy to verify. In the B2,B3,B4,B6 case the coaction of the dual Hopf algebra to the group algebra Z N is simply: ∆U = U ⊗ẽ, whereẽ is the generator of C(Z N ). Since U (and its powers)
In the N1 θ , N2 θ case the same argument applies when we take V instead.
The purpose of this paper is to compute K-theory of noncommutative Bieberbach algebras B2 θ , B3 θ , B4 θ , B6 θ .
K-theory for Noncommutative Bieberbach manifolds
We present here the computation of the K-theory groups from the Bieberbach manifolds obtained first by the action of the cyclic group Z N , N = 2, 3, 4, 6, leaving the Z 2 × Z 2 case aside for future considerations. As in our case the action of cyclic group fulfills the assumptions of Takai duality [7, 13] the fixed point algebra is Morita equivalent to the crossed product algebra C(T 
where U is central, λ = e 2πi N and α is an automorphism of the rotation algebra over generators V and W (with θ not necessarily irrational). The crossed product algebra C(T 3 θ ) Z N is generated by U, V, W and p with relations:
is then canonically isomorphic to C(T
Proof. Consider an elementp in the crossed product algebra:
It is easy to verify that:
so p andp generate the matrix algebra M N (C). Since U is central both p andp commute with any element of the fixed point subalgebra
Zn . We shall demonstrate now the isomorphism from the lemma, which we shall denote by Ψ. First, the relation (1) could be inverted, yielding:
It is easy to see that x could be uniquely decomposed as a sum of elements homogeneous with respect to the action of Z N :
Indeed, it is sufficient to take:
Then if we define:
, since each of the elements x k U −k is invariant and in the fixed point algebra. The verification that Ψ is an algebra morphism and is an isomorphism is left to the reader. Note that the isomorphism Ψ which provides the Morita equivalence in our case does not depend on the value of the parameter θ, hence for the Bieberbach manifolds (commutative and noncommutative) their K-Theory groups are the same as the K-theory groups of the crossed product algebras.
A technical tool for the computations is the following lemma.
Lemma 3.2. Let A be a C * -algebra, β its automorphism and let α denote an action of Z N on A β Z, such that the restriction of the action on CZ is by multiplication by a root of unity, λ N = 1 on its generator. Then the algebra (A β Z) α Z N is isomorphic to (A α Z N ) β Z, whereβ is the action of Z, which is β on A and multiplication by aλ on Z N .
Proof. With the notation above, let us denote by U the generator of Z and by e the generator of Z N . We have:
The actionβ is defined as follows:
It is easy to see that both crossed product algebras are isomorphic to each other as the defining relations are identical.
Applying this to the case of the T Z. For N = 2, 3, 4, 6 the action α of Z N on it is by multiplication on the generator of Z and leaves the algebra C(T 2 θ ) invariant. This action comes, in fact, from the SL(2, Z) group of automorphisms of T 2 θ . Therefore by the lemma 3.2 we have for N = 2, 3, 4, 6 the following isomorphism:
whereβ(a) = a, ∀a ∈ C(T 2 θ ) andβ(e) =λe, for e ∈ CZ n (generator of Z N ). Remark 3.4. The crossed product algebras of the noncommutative torus by the cyclic subgroups of SL(2, Z) have been studied intensely as symmetric noncommutative tori and noncommutative spheres [6] . Although classically they correspond to orbifolds rather than to manifolds, we can nevertheless view the noncommutative Bieberbach algebras as circle bundles over some noncommutative spheres.
K-theory groups from Pimsner-Voiculescu
Using (3) we can use the Pimsner-Voiculescu exact sequence provided that we know the K-theory groups of the corresponding crossed product of noncommutative torus by the actions of the respective cyclic group Z N and the exact form of the action of Z on the generators of these K-theory groups. Although we shall proceed case by case the methods are basically identical: we first determine the generators of K-theory groups for the algebras C(T Z N , N = 2, 3, 4, 6and the explicit action of theβ automorphisms on them.
The basic tool is the existence of traces on the dense subalgebra of the crossed product algebra of noncommutative torus by a finite cyclic group and their behavior under the action ofβ. The origin of such traces is easy to understand, let us recall that in fact they come from twisted traces on the algebra of the noncommutative torus itself.
Remark 3.5. Let A be an algebra and let σ denote an action of a finite cyclic group Z N . If Φ s is an σ-invariant and σ s -twisted trace on A, 0 < s ≤ N :
then Φ extends to a trace on the crossed product algebra A Z N :
where e is the generator of Z N . The proof of the fact is a simple computation:
In a series of papers Walters and Buck and Walters demonstrated the following crucial theorem: The proofs and the exact form of these traces and their value on the generators of K 0 -group are to be found in [14, 15, 4, 5] . We skip the presentation of details, showing as an illustration an example of the easiest N = 2 case. Following [14, page 592] we see that there are four unbounded traces on T 2 θ Z 2 : τ jk , j, k = 0, 1, which are defined as follows on the basis of T 2 θ Z 2 :
wherex = x mod 2. The other cases (N = 3, 4, 6) can be treated similarly.
Note that the collection of traces provides no longer an injective map from K 0 into C r(N ) . However, if one adds the nontrivial cyclic two-cocycle then it is again in injective morphism.
To have all necessary tools we only need to study the behavior of the traces under the action ofβ. Z N , which comes from a σ s -twisted trace, then under the action of Z byβ we have:
Proof. The above property follows directly from the form of the actionβ (2).
Observe, that, in particular, taking s = 0 we see that the usual trace τ isβ invariant.
B2 θ
In the case of the Z 2 group action, the algebra (T 2 θ α Z 2 ) is one of the most studied and we have at our disposal all the necessary results. [14] , [6] ).
and the generators of K 0 group are: e θ (1 + p) for a Z 2 -invariant Powers-Rieffel projection of trace θ.
To compute the explicit form of the action of the automorphism β on the above generators we use the the Chern-Connes map from K 0 . Using the usual trace and the unbounded traces (which we wrote explicitly) one has [14] : where is +1 for generator τ τ 00 τ 01 τ 10 τ 11 C 
and −1 for 1 2 < θ < 1. Here, C denotes the canonical nontrivial cyclic two-cocycle over smooth sub algebra of C(T 2 θ ) (which naturally extends to its crossed product with Z 2 ). The actual form of the cocycle is not relevant, what matters is that its pairing with generators of K 0 group is nonzero only for M (and it has been chosen to be 1).
Proposition 3.9.
Proof. First, combining (3.7) and (6) with the theorem 3.6 we obtain that the induced actionβ * on the generators of K 0 is as follows: Using the above results we obtain the Pimsner-Voiculescu exact sequence:
where id −β * has the form:
Immediately we have:
and basic algebra computations give us the result that the kernel of the map and the quotient by its image, which are independent of the value of .
B3 θ
Here we need to use a similar type of result as the one obtained for the Z 2 action. 
with the generators of K 0 group:
where:
and
πiθ V 2 p, with p, being the generator of Z 3 group, p 3 = id. The generator M 3 corresponds to an exotic module related to the nontrivial projective module over irrational rotation algebra.
Lemma 3.11. The action of the group Z 3 on the above generators of K-theory is as follows:
for any x = p, X, Y .
Proof. Since the action is nontrivial only on the generator p of the crossed product algebra, all results concerning Q j (p), Q j (X), Q j (Y ) are immediate. The only nontrivial part concerns M 3 . For this we again use the unbounded traces and the injectivity of the associated Connes-Chern character. The values of the traces on the generators of K 0 group are tabulated in [4, Theorem 1.2] and from them we read out the action ofβ * . Proposition 3.12. The K-theory groups of B3 θ are:
Proof. >From the Pimsner-Voiculescu exact sequence:
taking into account Lemma 3.11 we see that the matrix giving the map id −β * on the basis of
Let us begin with the following result:
The generators are:
where
and M 4 is the nontrivial module arising from the nontrivial projective module over the noncommutative torus.
Again, using an injective morphism coming from the Chern-Connes character
(that does not come as a surprise as the action of β is in case of some of the unbounded traces multiplication by ±i) an the explicit computation of the traces [15, page 640] we obtain the following result:
Lemma 3.14. The action of the group Z on the above generators of K-theory is:
for any x = p, e πiθ 2 V p.
Proposition 3.15. The K-theory groups of B4 θ are:
using (3.14) we see that the matrix giving id −β * on the basis of 
Similarly as in the case of cubic transform we use the results of hexic transform [4, 5] .
Proof. Again the action is immediate to read on the generators Q n (p), whereas using the property of the twisted traces, their behavior underβ and the explicit table giving giving the values of these traces on the generators [4, Theorem 1.1] we obtain the relations above, in particular the highly nontrivial part concerns
Proposition 3.18. The K-theory groups of B6 θ are:
taking into account (3.17) we see that the matrix giving the map id−β * on the basis 
K-theory of classical Bieberbach manifolds
Although the computations we have presented were for the specific case of an irrational value of θ the method works , slightly modified, for the rational case.. In particular, the K-theory groups of C(T 2 θ ) Z n and their generators are independent of θ remain unchanged (see [6] ), which follows from the fact that these are twisted group algebras and their K-theory groups depend on the homotopy class of twisting cocycle, which in this case are, of course, trivial.
Clearly, the explicit form of the generator of the nontrivial module over C(T 2 θ ) very much depends on whether θ is rational. The crucial difference between the rational and irrational case is that to have an injective morphism from the K 0 group of C(T For Z 2 the original result of Walters [14] is for the value of θ ∈ R \ Q but it is easy to see that the arguments are valid as well for rational θ. For Z 4 the result in [15] is valid for all θ ∈ R, and for Z 3 the results are combined in the papers of Buck and Walters [4] and [5] , where, again, they are obtained for any value of θ, rational or irrational.
Since the nontrivial Chern-Connes character vanishes on all generators of K 0 group apart from the nontrivial one (which is called a Bott class in [6] and Fourier module by Walters in [15] ). For our purpose, the crucial information is the behavior of this character under the action ofβ. We have:
Lemma 4.1. For any N = 2, 3, 4, 6, the Chern-Connes character induced by the cyclic 2-cocycle over C(T 2 θ ) is invariant under the action ofβ.
The proof is trivial: since the action of β does not change C(T 2 θ ) and the trace on it as well as derivations are invariant, so must be the nontrivial Chern-Connes character. Therefore,β * of the nontrivial generator of K 0 group (which we called M N for N = 2, 3, 4, 6 must be a sum of M N with a combination of remaining generators, as is clearly the case in proof of proposition 3.9 and lemmas 3.11, 3.14, 3.17.
Conclusions
The Bieberbach manifolds as well as their noncommutative versions are quite interesting objects and a good testing ground for tools of noncommutative geometry [11] . The computations presented above are first results on their K-theory groups and use techniques developed to study noncomutative tori and their crossed product by the action of a cyclic group. Although a noncommutative torus is a Rieffeltype deformation of the classical object, the noncommutative Bieberbachs are not. Therefore, the result that their K-theory groups are the same in the deformed and undeformed case is not trivial.
The result itself is not entirely surprising: the K 0 groups have torsion, although the exact form of the torsion component as well as the fact that n the Z 6 case there is no torsion cannot be seen at once. It is a remarkable fact that there exists a striking relation between the K 0 groups of the manifolds BN (N = 2, 3, 4, 6 ) and the first homology groups of the corresponding infinite Bieberbach groups G N [9] , (so that BN = R 3 /G N ), namely K 0 (BN) ∼ Z ⊕ H 1 (G N , Z). This fact, as well the remaining case of nonorientable manifolds, together with the study of spectral geometries and spin structures over noncommutative Bieberbach manifolds shall be discussed in our future work.
